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Analysis of Slotlines and Microstrip Lines
on Anisotropic Substrates

Masahiro Geshiro, Member, IEEE, Seikou Yagi, and Shinnosuke Sawa, Member, IEEE

Abstract —The propagation characteristics of the dominant mode in
.sIotlines, as weli as in microstrip lines, on anisotropic substrates are
studied. The dielectric tensor in the substrate may have nondiagonal

elements which represent misalignment, on the substrate surface, be-
tween the material coordinate system and the waveguide coordinate

system. The analysis is devoted to the slotline and is based on Galerkin’s
method applied in the spectral domain. Numerical results are presented
for a sapphire substrate and a horon nitride substrate. It is found that

the coordinate misalignment on the substrate surface has a significant
influence on the propagation characteristics of the slotline.

I. INTRODUCTION

D IELECTRIC anisotropy is observed in various substrate
materials for microwave and millimeter-wave integrated

circuits. The anisotropy in such crystalline materials as sap-
phire and boron nitride is a natural property. On the other
hand it is adventitiously introduced in polytetrafluoroeth-
ylene-based substrates. Whether the anisotropy is natural or
not, the significance of rigorous analyses of planar waveguide
structures on anisotropic substrtites increases as the operat-
ing frequency gets higher. Existing dynamic methods em-
ployed to obtain the propagation characteristics for various
waveguide structures are summarized in [1]. In addition, the
dispersive properties of finlines have been investigated by
means of a spectral-domain method, and a perturbation-iter-
ation solution based on potential theory has been developed
for analyzing microstrip dispersion [2], [3]. However, the
anisotropy chosen in the above investigations is character-
ized by a diagonal tensor permittivity.

Concerning dynamic analyses taking nondiagonal elements
of the tensor into accounts, a few studies have been reported
to date [4], [5]. The published papers, however, relate exclu-
sively to microstrip lines, presenting no detailed numerical
results for the propagation characteristics. This paper pre-
sents an analysis of slotlines, as well as microstrip lines, on
anisotropic dielectric substrates, with numerical results for
various values of structural and material parameters. The
tensor permittivity in the substrate may have nondiagonal
elements which represent misalignment, on the substrate
surface, between the material coordinate system and the
waveguide coordinate system. The analytical procedure is
based on Galerkin’s method applied in the spectral do-
main [6].
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Fig. 1. Cross-sectional view of the waveguide structures: (a) slotline
and (b) microstrip line.

II. WAVEGUIDE STRUCTURE AND FORMULATION

The waveguide structures under consideration are shown
in Fig. 1 together with the coordinate system for the analysis.
The direction of propagation coincides with the z axis. In the
substrate region (region 1: 0< y < d), the dielectric tensor is
assumed to be

[)

EA.r o E,:
E,y= E() o e,, o

6z.\- 0 E2Z

[

. 20Eoexx = E(( cos20 + Ec[ sm

•(l~y.v = ~qq

●c)ezz= eccsin20 + Cl< COS20
(2)

~O~.l, = ~0~,., = (~r~ – ~fc) sin Ocos 0

where •f~ is the free-space permittivity, (~cf, ~vq, ~{{ ) are
principal dielectric constants in the material coordinate sys-
tem ($, q, ~), and O is the angle between the z axis and the J
axis.

(1)
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The wave equations for the longitudinal field components
in region I are derived from Maxwell’s equations as

where

K2 = k;eXXx - P2 (5)

* = k&yY –~2
KY

(6)

k; = w2eOp0. (7)

In the above equations, u is th~ operati?g frequency and K,
the free-space permeability. E,l and Hz ~ are the Fourier
transforms of E,l and H,l. For example,

,iZl(a, y) =J+rnEZl(x, y)exp(jax)dx. (8)
—m

The propagation factor exp [ j(ot – ~z)] has been omitted.
The following formulation is devoted to the slotlines. The

solution for (3) and (4) is expressed in terms of four elemen-
tary waves as

I
fizl=Alexp (yly)+Blexp(-yly)

– jZ(C1exp(y2y) +Dlexp(–y2y)}

tizl=-jY{A1 exp(yly) -B1exp(-yly)}
(9)

+C1exp(y2y) –Dlexp(–y2y)

where A,, B,, Cl, and D, are unknown amplitude coeffi-
cients and

y,{~~(.;-.j)-.jk;~xz}

‘= @Po{K:~i-KX~2-K:)}

(lo)

The squares of the transverse wavenumbers, y? and 7;, are

the solutions for the following quadratic equation with re-
spect to y2:

[
K: K; Eyy~4 + K:(K; – C12)iyy

– .;(k;e;z +2a&XZ – K:EZZ + a2Ex1)

2

}]+ {ap(.; – K;)/ko – .;ko~xz ?’2

-Kx(.: -~2)(~2’x. +2@’xz

+ k&;z “K;6Z2) = O. (12)

The remaining tangential field components are obtained by
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For ~XZ= O and exx = ●yy = Czz=1, the wave equations (3)

and (4) are reduced to thbse in the air regions. Their
solutions can be easily obtained under the condi~ion that the
field components vanish at infinity. Applying the bounda~
conditions to the tangential field components in each region,
we obtain

In the above equation, ix and fiz are the Fourier transforms
of the unknown tange-ntial ele$tric field components in the
slot: y = d, Ix I < w, JX and Jz are those of the unknown
current components on the conductors: y.= d, Ix I > w. The
matrix elements are known functions of a and ~, and are
given in the Appendix.

Galerkin’s procedure is applied in order to obta@ the
determinantal equation for the propagation constant. EX and
~z are expanded in terms of basis functions

where cm and d. are unknown coefficients.

as

(15)

The basis func-
tions ~m””and fin should be the Fourier transforms of appro-
priately chosen functions, which are, in the present paper,

.QJx)= (cos{(rn-l)%x/2w) /J=, m=l,3,5, ”..

sin{(m–l)7rx/2w} /~=, m=2,4,6, . . .

(16)

{

sin{(n+ l)m.r/2w}/-, n=l,3,5, .0”
n.(x)=

cos{(n– l)7rx/2w}/-, n=2,4,6, . ““ .

(17)

Following the usual procedure of the spectral-domain method
after substituting (15) into (14), we obtain a system of homo-
geneous equations:

[

~ Kj:c~ + ~ K;;dR = O, P=1,2, ”.. ,M
~=1 ~=1

(18)

~ K&cm i- ; K;;dn = O, q=l,2,. .”, N
~=1 ~=1

for the unknowns c,. and dn, where

‘Kj:=~+m[$(~)Yxx( P,a);,,(~)da

K;::; +mi:(a)Yr,(P,a)fi,,(a)da

( (19)

KjA=~mmfi$(~)Y,.,( P,~)&.(~)d~

K:;=;mm5:(a)Y,,( B,a)fi,,(a)da.
—cc
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TABLE I
CONVERGENCE OF j3 /k,, AT 20 GHz FOR SLOTLINE AS A FUNCTION

OF THE NUMBER OF BASE FUNCTIONSFOR A SAPPHIRE

SUBSTRATE WITH EXA = Ezz = 9.4, Eyy = 11.6, ●.rz =0,
AND2W=d=ltllnl

\‘n,, 6s,, 1 2 3

1 2.22664 2.22660 2.22660

2 2,22664 2.22660 2.22660

3 2.22665 2.22661 2.22660

TABLE II
CONVERGENCE OF ~/ kO AT 20 GHz FOR MICROSTRIP LINE AS

A FUNCTION OF THE NUMBER OF BASIS FUNCTIONS FOR
A SAPPHIRE SUBSTRATE WITH eix = 6:= = 9.4,

EVV=ll.6, EXZ=O, AND 2w=d=l mm

T,, ‘$m 1 2 3

1 3.02017 3.01958 3.01968
2 3.02030 3.01967 3.01966
3 3.02031 3.01968 3.01967

The asterisk in (19) indicates the complex conjugate. The
solution which makes the system determinant associated with

(18) equal to zero is the desired propagation constant of the
eigenmode.

The characteristic impedance of the dominant mode, the
other important quantity, is calculated by the following defi-
nition:

z,= vx2/2P (20)

for the slotline and

ZC=2P/1: (21)

for the microstrip line, where P is the average power carried
in the z direction, P’x the voltage across the slot, and I(J the
total z-directed current on the strip.

III. NUMERICAL RESULTS

In this section, numerical results of the dominant mode in
slotlines, as well as in microstrip lines, are presented for a
sapphire substrate and a boron nitride one. Computational
time critically depends on the number of basis functions used
in the numerical calculations. Tables I and II show the
convergence of solutions at 20 (GHz) on the number of basis
functions for a sapphire substrate with ●XX= ●Zz= 9.4, eYY=
11.6, Cxz= O, and 2W = d = 1 (mm). The solutions seem to
converge with a small number of basis functions both for the
slotline and for the microstrip line.

Fig, 2 shows the effective dielectric constants for a sap-
phire substrate and a boron nitride one without the coordi-
nate misalignment. The structural parameters are chosen as
2W = d = 1 (mm). Fig. 3 shows the corresponding chara~teris;
tic impedances. The first two even functions for EX (.lz

for microstrip lines) and the first odd function for ~, (~r for
microstrip lines) in (16) and (17) are included in the numeri-
cal calculations. For anisotropic crystalline substrates, three
different orientations of the principal dielectric axes are
possible even in the case without the coordinate misalign-
ment. Therefore, in the figures, three curves are drawn for

each substrate material. The dispersion curves for
(eXX, CYY,~ZZ)= (9.4, 11.6, 9.4) and (5.12,3.4,5.12) in Fig. 2(b)
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Fig. 2. Effective dielectric constant for a sapphire substrate and a
boron nitride one without coordinate misalignment: (a) slotline and
(b) microstrip line.

completely overlap with those reported by Kretch and Collin
[3, figs. 2 and 6].

The dispersion of the effective dielectric constant for a
boron nitride substrate with coordinate misalignment and
that of the associated characteristic impedance are shown in
Fig. 4, where 2W = d = 1 (mm) and 0 = 45°. The first three
functions for ~, (~~ for microstrip lines) and the first odd
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Fig. 3. Characteristic impedance for a sapphire substrate and a boron
nitride one without coordinate misalignment: (a) slotline and (b) mi-
crostrip line.

function for EZ (~’ for microstrip lines) in (16) and (17) are
taken in the numerical calculations in accordance with the
convergence check for the basis functions. Each curve falls
into the intermediate region bounded by two corresponding
curves for (e ~X,eYY,eZz)= (3.4,5.12,5.12) and (5.12,5.12,3.4)
in Figs. 2 and 3.

Fig. 5 shows the effective dielectric constant and the
characteristic impedance at 20 (GHz) for a boron nitride
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Fig. 4. Effective dielectric constant and characteristic impedance for a
boron nitride substrate with coordinate misalignment: (a) slotline and

(b) microstrip line.

substrate as a function of oblique angle O between the
optical axis and the z axis. The structural parameters are
chosen such that 2W = d = 1 (mm). With the increase in the
oblique angle 13, ~XX in (I) decreases according to cos 20.
Since EX is the strongest electric field component of the
slotline mode, the effective dielectric constant of it is most
strongly influenced by CXXin the dielectric tensor. Therefore,
the effective dielectric constant of the mode changes analo-
gously to exx as the oblique angle is varied. This feature
would be found at any operating frequency and structural
parameter. On the other hand, for the mode of a microstrip
line, EY is the strongest electric field component. This means
that the effective dielectric constant is mainly influenced by
E~,Y,which remains constant to any oblique angle. The E,
component, which senses ~X, varying with the oblique angle,
is much weaker in its amplitude than the Ey component.
This is the reason why the propagation characteristics of



68 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 39, NO. 1, JANUARY 1991

2.7

I

boron nitride

I
190 -&

al 2w=d=l [nun]

frequency = 20 [GHZ]

1.7*
o 30 60

+170
90

9 [degrees]

(a)

boron nitride
/-

/
/

/
/ z=

62\ k:

/
/

/
/

/
/

/
/

/
/

/ 2w=d=l[mml

frequency = 20 [Gfrz ]

o 30 60 {

‘a [degrees]

(b)

Fig. 5. Effective dielectric constant and characteristic impedance for a
boron nitride substrate as a function of oblique angle: (a) slotline and

(b) microstrip line.

slotlines are more sensitive to changes in the oblique angle
than those of microstrip lines. The reverse would be true for
the coordinate misalignment in the transverse plane.

IV. CONCLUSIONS

The propagation characteristics of the dominant mode
both in slotlines and in microstrip lines printed on anisotropic
substrates are analyzed. The coordinate misalignment on the
substrate surfiace is taken into consideration. The analysis,
which is devoted to the slotline, is based on Galerkin’s
method applied in the spectral domain. Numerical results on
the effective dielectric constants and the characteristic
impedances are presented for a sapphire substrate and a
boron nitride one. It is pointed out that the coordinate
misalignment on the substrate surface has a greater influ-
ence on the propagation characteristics of the slotline than
on those of the microstrip line.

APPENDIX

Y,X = {ti/@K:(2L$ – OEIJZN1)

– k;K; (2@@~ + NJ}/A + K;/~(J

Yxz = {CW,)Y(2W, + QIN, ) – k;(PIN, –2RQ1)}\A

+ aj3/y[)

Y=, = {Q2K~( –2S + ~CIJZNl)

+ rk;PzK:(20E[JZZ? + fV2)}/(K; A)– c@/70

~z = {– QJ2SP, + QIIV1) + k; PJP1N2 –2Z?Q1)}\

(K;A)- a2~2\(/c;y[,)+ k:~,,\K:

A={(T, +T2)exp(–y, –yz)d

+(7’–7’’) exp(yyl)d)d

-( T,+ T,)exp(y, -y2)d

-( T,-7’2) exp(y, +y2)d}

.k:(y,Yz+y2)

fVl=(T1+ T2)exp(-yl--y2)d

+(7’3-T4) exp(y2-yl)d

+( T3+7’’)exp(y1-y2)d

+( T1– T2)exp(yl+y2)d

fV2=(T1+ T2)exp(-yl-y2)d

-(7’ -T,)exp(y2-y1)d

-( Z’, +Z’,)exp(y, -y2)d

+( T1– T2)exp(y1+-yz)d

P, = a/3 + ylq.q)Y+ /2;6,=

Pz = a/3 – y20e[)ZEyy

Q,= k;y2 - q,z(c@ + ~;~~.)

Q2 = rk~y,Eyy + ~~[)Ya@

R = 2{ Z46YY7, K: – W..LfJYLI/k:)

2/k: + ?fk:K; –+ WJOY(OJP[)YWIK() ●YYy:’a

L$= 2(oE{)ZU(L) + 0M&yy7’K3)

+ /t; (Uy2K; – CW().ZY;K:K; + q).Z~yYy;Kfi
)}

T, = (1 + Y.Z){UO – k;(Y&;K; + ~yy~ll’2K:)}

— K;(YI — y2){@PI)y~’ + %)ZEYYU)

T2 = k&K;{ey,&l + 72YZ) + K;(7z + ~lyz)}

T3 = (1 – l“z){w – k;(YiKtK; – ●yyl’172K$)}

— K:(7, + y2){WL(IM’ — OJ@Ey],U
)}

{ .n’K:(~l +Y’w-r!;b’,+1’d’z)}T4 = – k~y,)K; e

u = k~{a~(~l., - 1) - K&,--} [’ = k;c@(~Yy – 1)

y;=a2 +/32-k; ‘_kz_~’
K,, — ,, .
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